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Abstract
We have investigated the strong gravitational lensing in a rotating squashed Kaluza-Klein (KK)
black hole spacetime. Our result show that the strong gravitational lensings in the rotating squashed
KK black hole spacetime have some distinct behaviors from those in the backgrounds of the four-
dimensional Kerr black hole and of the squashed KK Go¨del black hole. In the rotating squashed KK
black hole spacetime, the marginally circular photon radius ρps , the coefficient a¯, b¯, the deflection
angle α(θ) in the φ direction and the corresponding observational variables are independent of
whether the photon goes with or against the rotation of the background, which is different with
those in the usual four-dimensional Kerr black hole spacetime. Moreover, we also find that with the
increase of the scale of extra dimension ρ0, the marginally circular photon radius ρps and the angular
position of the relativistic images θ∞ first decreases and then increases in the rotating squashed KK
black hole for fixed rotation parameter b, but in the squashed KK Go¨del black hole they increase for
the smaller global rotation parameter j and decrease for the larger one. In the extremely squashed
case ρ0 = 0, the coefficient a¯ in the rotating squashed KK black hole increases monotonously with
the rotation parameter, but in the squashed KK Go¨del black hole it is a constant and independent
of the global rotation of the Go¨del Universe. These information could help us to understand further
the effects of the rotation parameter and the scale of extra dimension on the strong gravitational
lensing in the black hole spacetimes.
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2I. INTRODUCTION
The Kaluza-Klein (KK) black holes with squashed horizons are a kind of interesting Kaluza-Klein type
metrics with the special topology and asymptotical structure [1–8]. This family of black holes behave as fully
five-dimensional black holes in the vicinity of horizon, while behave as four-dimensional black holes with a
constant twisted S1 fiber in the far region. In these black holes, the size of compactified extra dimension
can be adjustable by a parameter r∞. Recent investigations show that the spectrum of Hawking radiation
[9, 10], the quasinormal frequencies [11, 12] and the precession of a gyroscope in a circular orbit [13] in the
background of the KK black holes with squashed horizons contain the information of the size of the extra
dimension, which could open a possible window to observe extra dimensions in the future.
From the general theory of relativity, we know that photons would be deviated from their straight path when
they pass close to a compact and massive body. The effects originating from the deflection of light rays in a
gravitational field are known as gravitational lensing [14–16]. Like a natural and large telescope, gravitational
lensing can help us to capture the information about the very dim stars which are far away from our Galaxy.
The strong gravitational lensing is caused by a compact object with a photon sphere. As photons pass close
to the photon sphere, the deflection angles of of the light rays become very large, which yields that there exist
two infinite sets of faint relativistic images on each side of the black hole. With these relativistic images, we
could extract the information about black holes in the Universe and verify profoundly alternative theories
of gravity in their strong field regime [17–32]. Recently, we have studied the strong gravitational lensing in
the background of a Schwarzschild squashed KK black hole [33] and a squashed KK Go¨del black hole [34]
and find that the size of the extra dimension and the the global rotation parameter j of the Go¨del Universe
affects the photon sphere radius, the deflection angle and the corresponding observational variables in the
strong gravitational lensing. Sadeghi et al have considered the effect of the charge on the strong gravitational
lensing in the squashed KK black holes [35, 36]. These investigations could help us to understand further the
effects of the scale of extra dimension on the strong gravitational lensings. However, to my knowledge, the
strong gravitational lensing is still open in the background of a rotating squashed KK black hole. Since the
rotation is a universal phenomenon for the celestial bodies in our Universe, it is necessary to study the strong
gravitational lensing in the rotating squashed KK black hole spacetime. With the squashing transformation,
Wang [6] obtained a rotating squashed KK black hole spacetime with two equal angular momenta in Einstein
theory. This black hole solution with squashed horizons is geodesic complete and free of naked singularities.
3It has the similar topology and asymptotical structure to that of the static squashed KK black hole, but with
richer physical properties. In this paper, we are going to study the strong gravitational lensing in this rotating
squashed KK black hole and probe the effects of the rotation parameter of black hole and the scale of extra
dimension on the deflection angle and the coefficients in the strong field limit.
The plan of our paper is organized as follows. In Sec.II we introduce briefly the rotating squashed KK
black hole [6]. In Sec.III we adopt to Bozza’s method [22–24] and obtain the deflection angles for light rays
propagating in the rotating squashed KK black hole. In Sec.IV we suppose that the gravitational field of
the supermassive black hole at the center of our Galaxy can be described by this metric and then obtain
the numerical results for the main observables in the strong gravitational lensing. Moreover, we also make
a comparison among the strong gravitational lensings in the rotating squashed KK, the squashed KK Go¨del
and four-dimensional Kerr black hole spacetimes. At last, we present a summary.
II. THE ROTATING KALUZA-KLEIN BLACK HOLE SPACETIME WITH SQUASHED
HORIZON
Let us now review briefly a rotating squashed KK black hole without charge, which can be obtained by
applying the squashing transformation techniques to a five-dimensional Kerr black hole with two equal angular
momenta [6]. In terms of Meurer-Cartan 1-forms, the metric of a rotating KK black bole has a form
ds2 = −dt˜2 + Σ0
∆0
k(r)2dr2 +
r2 + a2
4
[k(r)(σ21 + σ
2
2) + σ
2
3 ] +
M
r2 + a2
(dt˜− a
2
σ3)
2, (1)
with
σ1 = − sin ψ˜dθ + cos ψ˜ sin θdφ,
σ2 = cos ψ˜dθ + sin ψ˜ sin θdφ,
σ3 = dψ˜ + cos θdφ, (2)
where 0 < θ < pi, 0 < φ < 2pi and 0 < ψ˜ < 4pi. The parameters are given by
Σ0 = r
2(r2 + a2),
∆0 = (r
2 − r2+)(r2 − r2−),
k(r) =
(r2∞ − r2+)(r2∞ − r2−)
(r2∞ − r2)2
. (3)
The quantities M and a are related to the mass and angular momenta of black hole, respectively. r∞
corresponds to the spatial infinity. The polar coordinate r is limited in the range 0 < r < r∞. The outer and
4inner horizons are located at r = r+ and r = r−, which are relate to the parameters M , a by a
4 = (r+r−)
2
and M − 2a2 = r2+ + r2−. The shape of black hole horizon is deformed by the parameter k(r+).
In this black hole spacetime (1), the intrinsic singularity is the just one at r = 0, while r± and r∞ are
coordinate singularities. As in [6], one can introduce a new radial coordinate
ρ = ρ˜0
r2
r2∞ − r2
, (4)
with
ρ˜20 =
(r2∞ + a
2)[(r2∞ + a
2)2 −Mr2∞]
4r4∞
, (5)
and then rewrite the metric (1) as
ds2 = −dt˜2 + Udρ2 +R2(σ21 + σ22) +W 2σ23 + V (dt˜−
a
2
σ3)
2, (6)
where
K2 =
ρ+ ρ˜0
ρ+ a
2
r2∞+a
2 ρ˜0
, V =
M
r2∞ + a
2
K2, W 2 =
r2∞ + a
2
4K2
,
R2 =
(ρ+ ρ˜0)
2
K2
, U =
(
r2∞
r2∞ + a
2
)2
ρ˜20
W 2 − r2∞4 ρρ+ρ˜0 V
. (7)
The parameter ρ˜0 is a scale of transition from five-dimensional spacetime to an effective four-dimensional one.
As the rotation parameter a tends to zero, one can find that the metric (6) reduces to that of a five-dimensional
Schwarzschild black hole with squashed horizon. In the limit ρ→∞, i.e, r→ r∞, it is easy to find that there
is a cross-term between dt˜ and σ3 in the asymptotic form of the metric (6). However, this cross-term can be
vanished by changing the coordinates as [6]
t˜ = h t, ψ˜ = ψ − j t. (8)
where
h =
√
(r2∞ + a
2)2 −Mr2∞
(r2∞ + a
2)2 +Ma2
, j =
2Ma
(r2∞ + a
2)2 +Ma2
. (9)
This means that the asymptotic topology of the spacetime (6) is the same as that of the Schwarzschild squashed
KK black hole spacetime. The Komar mass Mk of the rotating squashed KK black hole (6) can be given by
[37, 38]
Mk =
Mpi
2G5
(
r2∞ + a
2
)2 −Ma2√
(r2∞ + a
2)
2
+Ma2
√
(r2∞ + a
2)
2 −Mr2∞
=
M
4G4
(
r2∞ + a
2
)2 −Ma2
(r2∞ + a
2)
2
+Ma2
√
r2∞ + a
2√
(r2∞ + a
2)
2 −Mr2∞
, (10)
5where G5 and G4 are the five-dimensional and four-dimensional gravitational constants, respectively. There-
fore, in the rotating squashed KK black hole spacetime, the relationship between G5 and G4 can be expressed
as
G5 = 2pir
′
∞G4, (11)
with
r′∞ =
√
(r2∞ + a
2)2 +Ma2
r2∞ + a
2
. (12)
The expression of r′∞ is more complicated than that of r∞. However, in the rotating squashed KK black
hole spacetime (6), one can find [6] that the parameter r′∞ for the compactified dimension is better than r∞
because the geometric interpretation is clearer for r′∞ than for r∞. As a disappears, we find that r
′
∞ reduces
to r∞ and then the relationship (11) tend to the usual form ( i.e., G5 = 2pir∞G4 ) in the Schwarzschild
squashed KK black hole spacetime. As in Ref.[13], we can rewritten Komar mass as Mk =
pir′∞ρM
G5
= ρM2G4 ,
which implies that ρM can be expressed as
ρM = 2G4Mk =
M
2
(
r2∞ + a
2
)2 −Ma2
(r2∞ + a
2)2 +Ma2
√
r2∞ + a
2√
(r2∞ + a
2)2 −Mr2∞
. (13)
In order to simplify the calculation, we here introduce a new radial coordinate change
r′
2
=
(r2∞ + a
2)2 +Ma2
r4∞ + r
2a2
r2, (14)
a new scale of extra dimension
ρ20 =
r′
2
∞ −M
4
, (15)
and a new rotation parameter
b =
√
M
r2∞ + a
2
a, (16)
we find that the radial coordinate (4) and the quantity ρM can be rewritten as
ρ = ρ0
r′
2
r′2∞ − r′2
, (17)
and
ρM =
ρ0M
r′2∞ −M
(
r2∞ + a
2
)2 −Ma2
(r2∞ + a
2)
2
+Ma2
=
Mρ0
r′2∞ −M
(1− 2b
2
r′2∞
), (18)
6respectively. With help of these operation, one can find that the metric of the rotating squashed KK black
hole spacetime (6) can be expressed as
ds2 = −A(ρ)dt2 +B(ρ)dρ2 + C(ρ)(dθ2 + sin2 θdφ2) +D(ρ)(dψ + cos θdφ)2 − 2H(ρ)dt(dψ + cos θdφ), (19)
with
A(ρ) =
4− V(aj − 2)2 − 4j2W2
4h2
, B(ρ) = U(ρ), C(ρ) = R2(ρ),
D(ρ) =
a2V + 4W2
4
, H(ρ) =
2aV − (a2V + 4W2)j
4h
, (20)
where
K2 =
ρ+
r2∞+a
2
r2∞
ρ0
ρ+ a
2
r2∞
ρ0
, V = M
r2∞ + a
2
K2, W2 = r
2
∞ + a
2
4K2 ,
R2(ρ) = (ρ+ a
2
r2∞
ρ0)(ρ+
r2∞ + a
2
r2∞
ρ0), U(ρ) = ρ
2
0
W2 − r2∞4 ρKRV
. (21)
Among the parameters ρ0, M , a, r∞, r
′
∞, ρM and b, there are only three independent parameters. For
simplicity, we chose the parameters ρ0, ρM and b as the independent parameters. The others are related to
the selected three parameters by
r2∞ = 2ρ0(ρM + ρ0)− b2 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
− b
2(4ρ20 − b2)
2ρ0(ρM − ρ0) + b2 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
,
r′
2
∞ = b
2 + 2ρ0ρM + 2ρ
2
0 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2,
M = b2 + 2ρ0ρM − 2ρ20 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2,
a = b
[
1 +
4ρ20 − b2
2ρ0(ρM − ρ0) + b2 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
] 1
2
. (22)
With these quantities, we can find that all of coefficients in the metric (19) can be expressed as the functions of
the parameters ρ0, ρM and b, which means that we can study the strong gravitational lensing in the rotating
squashed KK black hole spacetime (6) through the standard form used in [17–32].
III. DEFLECTION ANGLE IN A ROTATING SQUASHED KALUZA-KLEIN BLACK HOLE
SPACETIME
In this section, we will study deflection angles of the light rays when they pass close to a rotating squashed
KK black hole, and then probe the effects of the rotation parameter b and the scale of extra dimension ρ0
7on the deflection angle and the coefficients in the strong field limit. For simplicity, we here just consider that
both the observer and the source lie in the equatorial plane in the rotating squashed KK black hole spacetime
(19) and the whole trajectory of the photon is limited on the same plane With this condition θ = pi2 , we get
the reduced metric in the form
ds2 = −A(ρ)dt2 +B(ρ)dρ2 + C(ρ)dφ2 +D(ρ)dψ2 − 2H(ρ)dtdψ. (23)
From the null geodesics, it is easy to obtain three constants of motion
E = − g0µx˙µ = A(ρ)t˙+H(ρ)ψ˙,
Lφ = g3µx˙
µ = C(ρ)φ˙,
Lψ = g4µx˙
µ = D(ρ)ψ˙ −H(ρ)t˙. (24)
where a dot represents a derivative with respect to affine parameter λ along the geodesics. E is the energy of
the phone, Lφ and Lψ correspond to its angular momentum in the φ and ψ directions, respectively. Making
use of these three constants, one can find that the equations of motion of the photon can be expressed further
as
dt
dλ
=
D(ρ)E −H(ρ)Lψ
H2(ρ) + A(ρ)D(ρ)
,
dφ
dλ
=
Lφ
C(ρ)
,
dψ
dλ
=
H(ρ)E +A(ρ)Lψ
H2(ρ) + A(ρ)D(ρ)
. (25)
(
dρ
dλ
)2
=
1
B(ρ)
[
D(ρ)E − 2H(ρ)ELψ −A(ρ)L2ψ
H2(ρ) +A(ρ)D(ρ)
− L
2
φ
C(ρ)
]
. (26)
Considering the θ-component of the null geodesics in the equatorial plane (θ = pi2 ), we have
dφ
dλ
[
D(ρ)
dψ
dλ
−H(ρ) dt
dλ
]
= 0, (27)
which implies that either dφdλ = 0 or Lψ = D(ρ)
dψ
dλ −H(ρ) dtdλ = 0. As done in the usual squashed KK black
hole spacetimes [33, 34], here we set Lψ = 0, which means that the total angular momentum J of the photo
is equal to the constant Lφ and the effective potential for the photon passing close to the black hole can be
written as
V (ρ) =
1
B(ρ)
[
D(ρ)E
H2(ρ) +A(ρ)D(ρ)
− L
2
φ
C(ρ)
]
. (28)
8With this effective potential, one can obtain that the impact parameter and the equation of circular photon
orbits are
u = J =
√
C(ρ)D(ρ)
H(ρ)2 +A(ρ)D(ρ)
, (29)
and
D(ρ)
[
H(ρ)2 +A(ρ)D(ρ)
]
C′(ρ)− C(ρ)
[
D(ρ)2A′(ρ) + 2D(ρ)H(ρ)H ′(ρ)−H(ρ)2D′(ρ)
]
= 0, (30)
respectively. Here we set E = 1. The equations (29) and (30) are similar to those in the squashed KK
Go¨del black hole spacetime because their metric have similar forms in the equatorial plane, but they are
more complex than those in the usual spherical symmetric black hole spacetime. As the rotation parameter
b→ 0, we find that the function H(ρ)→ 0, which yields that the impact parameter (29) and the equation of
circular photon orbits (30) reduce to those in the usual Schwarzschild squashed KK black hole spacetime [33].
The biggest real root external to the horizon of equation (30) defines the marginally stable circular radius of
photon. For the rotating squashed KK black hole spacetime (19), the equation of circular photon orbits takes
the form
Aρ′5 + Bρ′4 + Cρ′3 +Dρ′2 + Eρ′ + F = 0 (31)
where the variable ρ′ is related to ρ by
ρ′ =
ρ
ρ0
+
b2
2ρ0ρM − 2ρ20 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
, (32)
and the coefficients are
A = 8ρ20
(
b2 + 2ρ0ρM + 2ρ
2
0 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
)
,
B =
(
6b2 − 6ρ0ρM + 10ρ20 − 3
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
)
×(
3b2 + 2ρ0ρM + 2ρ
2
0 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
)
− 12b4,
C = 2
(
3b2 − 2ρ0ρM + 2ρ20 −
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
)
×(
3b2 + 2ρ0ρM + 2ρ
2
0 +
√
b4 − 4b2ρ0 (ρ0 − ρM ) + 4ρ20 (ρM + ρ0)2
)
− 8b4,
D = 4b2 (3b2 + 2ρ20) , E = 6b4, F = b4. (33)
Obviously, this equation depends on both the rotation parameter b and the scale of transition ρ0. The presence
of the rotation parameter b makes the equation more complex so that it is impossible to get an analytical form
9for the marginally circular photon orbit radius in this case. As b→ 0, we can find that since the coefficients
D, E and F vanish the Eq.(31) reduces to a quadratic equation
2ρ2 + (ρ0 − 3ρM )ρ− 2ρ0ρM = 0, (34)
and the marginally circular photon orbit radius becomes ρps =
3ρM−ρ0+
√
9ρ2
M
+10ρMρ0+ρ20
4 , which is consistent
with that in the Schwarzschild squashed KK black hole [33]. As ρ0 → 0, one can get ρps = 14 (3ρM +√
9ρ2M − 8b2), which decreases with the rotation parameter b and tends to 32ρM as b disappears. Moreover,
in the limit ρ0 →∞, we have
ρps =
2ρM − b2
4ρM
+
1
2
√
Q2 + (6ρ2M − 2b2)Q+ 4b4
6Q
+
1
2
[Q(12ρ2M −Q)− 4b2(Q+ b2)
6Q +
√
6QρM (2ρM − b2)√
Q2 + (6ρ2M − 2b2)Q+ 4b4
] 1
2
, (35)
with
Q = b 43
[
27ρ2M − 8b2 + 3ρM
√
81ρ2M − 48b2
] 1
3
. (36)
Obviously, it also decreases with the rotation parameter b. In Fig.(1), we set ρM = 1 and plot the variety of
the marginally stable circular radius of photon ρps with the parameters b and ρ0. It shows that with increase
of the scale of transition ρ0, ρps first decreases and then increases in the rotating squashed KK black hole
background, but increases monotonously in the Schwarzschild squashed KK black hole spacetime ( i.e., b = 0
). In the squashed KK Go¨del black hole spacetime, we find [34] that with the increase of ρ0, ρps increases
for the smaller global rotation parameter j and decreases for the larger one, which implies that the effects
of the rotation parameter b of the black hole itself on the gravitational lensing is different from that of the
global rotation parameter j of the Go¨del Universe background. For fixed ρ0, it is easy to obtain that ρps
decreases monotonically with the increase of the rotation parameter b. Moreover, we know that in the Kerr
black hole, the marginally stable circular radius of photon are different for the photons winding in the same
direction (i.e., a > 0) or in the converse direction (i.e., a < 0) of the black hole rotation. However, one can
obtain that in the rotating squashed KK black hole spacetime the marginally stable circular radius of photon
ρps is independent of the sign of the rotation parameter b since all of quantities in Eqs.(31) and (33) are the
function of b2. Thus, the marginally stable circular radius of photon in the rotating squashed KK black hole
spacetime keeps the same whether the photon moves in the same or converse direction of the rotation of the
black hole. It is similar to that in the squashed KK Go¨del black hole spacetime, but it is different from that
10
in the usual Kerr black hole spacetime.
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FIG. 1: Variety of the marginally stable circular radius of photon ρps with the parameters ρ0/ρM and b/ρM in a
rotating squashed KK black hole spacetime.
The deflection angles φ and ψ for the photon coming from infinite in a rotating KK black hole spacetime
can be expressed as
αφ(ρs) = Iφ(ρs)− pi,
αψ(ρs) = Iψ(ρs)− pi, (37)
respectively. The quantities Iφ(ρs) and Iψ(ρs) have the forms
Iφ(ρs) = 2
∫ ∞
ρs
√
B(ρ)F(ρ)C(ρs)
C(ρ)
1√
F(ρs)− F(ρ)C(ρs)C(ρ)
dρ, (38)
Iψ(ρs) = 2
∫ ∞
ρs
H(ρ)
D(ρ)
√
B(ρ)F(ρs)
F(ρ)
1√
F(ρs)− F(ρ)C(ρs)C(ρ)
dρ, (39)
with
F(ρ) = H
2(ρ) +A(ρ)D(ρ)
D(ρ)
, (40)
where ρs is the closest approach distance of the light ray. It is clear that both of the deflection angles increase
when parameter ρs decreases. If ρs is equal to the marginally stable circular radius of photon ρps, one can find
that both of the deflection angles becomes unboundedly large and the photon is captured in a circular orbit
around the black hole. Let us now discuss the behavior of the deflection angles of the light rays in a rotating
squashed KK black hole spacetime. It is interesting to note that the deflection angle αφ(ρs) is independent of
whether the photon goes with or against the rotation of the black hole because the integral Iφ(ρs) is function
of the rotation parameter b2. However, from Eq. (39), we find that the integral Iψ(ρs) contains the factor b,
11
which means that the deflection angle αψ(ρs) for the photon traveling in the same direction as the rotation of
the black hole is different from that traveling in converse direction. This tells us that although the black hole
has the rotation paraters both in the ψ and φ directions, in the equatorial plane θ = pi2 the rotation of the
black hole is really in the ψ direction rather than in the φ direction, which is also shown in the induce metric
(23) where the only cross-term is dtdψ. It means that the gravitational lensing by the rotating squashed KK
black hole is different from that of usual four-dimensional Kerr black hole, which could in theory help us to
detect the extra dimension through the gravitational lens. When the rotation parameter b vanishes, one can
find that the function H(ρ) = 0 and then the deflection angle of ψ tends to zero, which reduces to that of in
the usual Schwarzschild squashed KK black hole spacetime [33].
As in [34], we will focus only on investigating the deflection angle in the φ direction when the light rays
pass close to the black hole in the equatorial plane since it could be observed really by our astronomical
experiments. On the other hand, it is very convenient for us to compare with the results obtained in the
usual four-dimensional black hole spacetimes. As in [22, 23], one can define a variable z = 1− ρsρ , and rewrite
Eq.(38) as
Iφ(ρs) =
∫ 1
0
R(z, ρs)f(z, ρs)dz, (41)
with
R(z, ρs) = 2
ρ2
ρsC(ρ)
√
B(ρ)F(ρ)C(ρs)
= 4ρsr
2
∞
√
(r2∞ + a
2)2 +Ma2
(r2∞ + a
2)2 −Mr2∞
√
ρ0(r2∞ + a
2)(ρsr2∞ + a
2ρ0)[ρsr2∞ + (r
2
∞ + a
2)ρ0]
[ρsr2∞ + (1− z)a2ρ0][ρsr2∞ + (1− z)(r2∞ + a2)ρ0]
×
{
[(r2∞ + a
2)2 +Ma2]ρsr
4
∞ + 2a
2r2∞ρ0ρs(1− z)(r2∞ + a2)(r2∞ +M + a2)
+ a2ρ20(r
2
∞ + a
2)(M + a2)(1− z)2
}−1/2
, (42)
and
f(z, ρs) =
1√
F(ρs)−F(ρ)C(ρs)/C(ρ)
. (43)
The function R(z, ρs) is regular for all values of z and ρs. From Eq.(43), we find that the function f(z, ρs)
diverges as z tends to zero, i.e., as the photon approaches the marginally circular photon orbit. Therefore, we
12
can split the integral (41) into the divergent part ID(ρs) and the regular one IR(ρs)
ID(ρs) =
∫ 1
0
R(0, ρps)f0(z, ρs)dz,
IR(ρs) =
∫ 1
0
[R(z, ρs)f(z, ρs)−R(0, ρps)f0(z, ρs)]dz. (44)
Following in refs.[22, 23], we can expand the argument of the square root in f(z, ρs) to the second order in z
fs(z, ρs) =
1√
p(ρs)z + q(ρs)z2
, (45)
with
p(ρs) =
ρs
C(ρs)
[
C′(ρs)F(ρs)− C(ρs)F ′(ρs)
]
,
q(ρs) =
ρ2s
2C(ρs)
[
2C′(ρs)C(ρs)F ′(ρs)− 2C′(ρs)2F(ρs) + F(ρs)C(ρs)C′′(ρs)− C2(ρs)F ′′(ρs)
]
. (46)
Comparing Eq.(30) with Eq.(46), one can find that if ρs tends to ρps the coefficient p(ρs) vanishes. This
means that the leading term of the divergence in fs(z, ρs) is z
−1 and the integral (41) diverges logarithmically.
Thus, in the strong field region, the deflection angle in the φ direction can be approximated very well as [22]
α(θ) = −a¯ log
(
θDOL
ups
− 1
)
+ b¯+O(u − ups), (47)
with
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FIG. 2: Variety of the coefficient a¯ with the parameters ρ0/ρM and b/ρM in a rotating squashed KK black hole
spacetime.
a¯ =
R(0, ρps)
2
√
q(ρps)
,
b¯ = −pi + bR + a¯ log ρ
2
hs[C
′′(ρps)F(ρps)− C(ρps)F ′′(ρps)]
ups
√F3(ρps)C(ρps) ,
bR = IR(ρps), ups =
√
C(ρps)
F(ρps) . (48)
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FIG. 3: Variety of the coefficient b¯ with the parameters ρ0/ρM and b/ρM in a rotating squashed KK black hole
spacetime.
Here the quantity DOL is the distance between observer and gravitational lens, θ = u/DOL is the angular
separation between the lens and the image, the subscript “ps” represent the evaluation at ρ = ρps. Similarly,
one can obtain the strong gravitational lensing formula for the deflection angle in the ψ direction ( αψ(θ)),
which has a similar form with the coefficients differed slightly from a¯ and b¯ in Eq.(48). As ρs tends to ρps, we
find that the deflection angle αψ(θ) also diverges logarithmically. Since αψ(θ) cannot actually be observed by
astronomical experiments, we do not consider it in the following discussion.
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FIG. 4: Deflection angles in the squashed KK Go¨del black hole spacetime evaluated at u = ups +0.003 as functions of
ρ0/ρM and b/ρM .
We are now in position to probe the properties of strong gravitational lensing in the rotating squashed KK
black hole spacetime and explore the effects of the rotation parameter b and the scale of transition ρ0 on the
deflection angle in the strong field limit. In the Figs.(2)-(3), we plotted numerically the dependence of the
coefficients ( a¯ and b¯ ) on the parameters b and ρ0. It is shown that the coefficients ( a¯ and b¯ ) in the strong
field limit are functions of the rotation parameter b and the scale of transition ρ0. The coefficient a¯ increases
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monotonously with ρ0 and b. In the extremely squashed case ρ0 = 0, we find that the change of a¯ with the
rotation parameter b is different from the change of a¯ with the global rotation parameter j in the squashed
Go¨del KK case in which a¯ is independent of j in this extremely squashed case. The variety of b¯ with ρ0 and b
becomes more complicated. With the increase of ρ0, b¯ increases for the smaller b and decreases for the larger
one. With the increase of b, b¯ first increases and then decreases for the smaller ρ0, and decreases monotonously
for the larger one. Furthermore, in Fig.(4), we plotted the change of the deflection angle α(θ) estimated at
u = ups + 0.003 with ρ0 and b, which tells us that in the strong field limit the deflection angles have similar
properties of the coefficient a¯. This means that the deflection angles of the light rays are dominated by the
logarithmic term in this case.
IV. OBSERVATIONAL GRAVITATIONAL LENSING PARAMETERS
In this section, we will estimate the numerical values for the observables of gravitational lensing in the
strong field limit by assuming that the spacetime of the supermassive black hole at the Galactic center of
Milky Way can be described by the rotatiing squashed KK black hole metric (19) and then probe the effects
of the rotation parameter b and the scale parameter ρ0 on the observables in the strong gravitational lensing.
As the source and observer are far enough from the lens, the lens equation can be approximated well as [23]
γ =
DOL +DLS
DLS
θ − α(θ) mod 2pi (49)
where γ is the angle between the direction of the source and the optical axis. DLS is the lens-source distance
and DOL is the observer-lens distance. θ = u/DOL is the angular separation between the lens and the image.
Following ref.[23], we here consider only the case in which the source, lens and observer are highly aligned. In
this simplest case, the angular separation between the lens and the n−th relativistic image can be written as
θn ≃ θ0n
(
1− upsen(DOL +DLS)
a¯DOLDLS
)
, (50)
with
θ0n =
ups
DOL
(1 + en), en = e
b¯+|γ|−2pin
a¯ . (51)
Here θ0n is the image position corresponding to α = 2npi, and n is an integer. As n → ∞, one can find from
Eqs.(51) that en → 0, which implies that the minimum impact parameter ups and the asymptotic position of
a set of images θ∞ obey a simple form
ups = DOLθ∞. (52)
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In order to obtain the coefficients a¯ and b¯, one needs to separate the outermost image from all the others.
Following refs.[22, 23], we consider here the simplest case where only the outermost image θ1 is resolved as a
single image and all the remaining ones are packed together at θ∞. And then the angular separation between
the first image and other ones s and the ratio of the flux from the first image and those from the all other
images R0 can be simplified further as [22, 23]
s = θ1 − θ∞ = θ∞e
b¯−2pi
a¯ ,
R0 = µ1∑∞
n=2 µn
= e
2pi
a¯ . (53)
Therefore, one can estimate the strong deflection limit coefficients a¯, b¯ and the minimum impact parameter
ups by measuring these three simple observations s, R0, and θ∞. Comparing their values with those predicted
by the theoretical models, we can extract the characteristics information about the compact object stored in
the strong gravitational lensing.
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FIG. 5: Gravitational lensing by the Galactic center black hole. Variation of the values of the angular position θ∞
with parameters ρ0/ρM and b/ρM in a rotating squashed KK black hole spacetime.
Recently, the mass of the central object of our Galaxy is estimated to be 4.4 × 106M⊙ and its distance
is around 8.5kpc [39]. This means the ratio of the mass of the central object to the distance G4M/DOL ≈
2.4734 × 10−11 . Here M is the mass of the black hole and DOL is the distance between the lens and
the observer in the ρ coordination rather than that in r coordination because that in the five-dimensional
spacetime the dimension of the black hole massM is the square of that in the polar coordination r. Combing
with Eqs. (48) and (53), we can estimate the values of the coefficients and observables in strong gravitational
lensing in the rotating squashed KK black hole spacetime. In Table I, we list the numerical values of θ∞, s
and rm (which is related to R0 by rm = 2.5 logR0) for the different values of b/ρM and ρ0/ρM . Moreover,
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FIG. 6: Gravitational lensing by the Galactic center black hole. Variation of the values of the angular separation s
with parameters ρ0/ρM and b/ρM in a rotating squashed KK black hole spacetime.
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FIG. 7: Gravitational lensing by the Galactic center black hole. Variation of the values of the relative magnitudes rm
with parameters ρ0/ρM and b/ρM in a rotating squashed KK black hole spacetime.
we also present the dependence of these observables on the parameters b/ρM and ρ0/ρM in Figs.(5)-(7). It is
shown that with the increase of the scale ρ0, the angular position of the relativistic images θ∞ first decreases
and then increases for the non-zero b and increases monotonously in the case with b = 0. For fixed ρ0/ρM , θ∞
decreases monotonously with b. Moreover, we also find that with the increase of the rotation parameter b and
the scale of extra dimension ρ0, the angular separation s increase, while the relative magnitudes rm decrease
monotonously.
Finally, we make a comparison among the strong gravitational lensings in the rotating squashed KK, the
squashed KK Go¨del and four-dimensional Kerr black hole spacetimes. For the photon moving along the
equatorial plane in the four-dimensional Kerr black hole spacetime [23, 24], we know that all of the photon
sphere radius, the angular position of the relativistic images θ∞ and the relative magnitudes rm in strong
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a/ρM ρ0/ρM θ∞ (µ arcsec) s (µ arcsec) rm (magnitudes)
0.00 26.510 0.033177 6.8219
0.05 26.947 0.035012 6.7849
0.00 0.20 28.206 0.040666 6.6838
0.50 30.528 0.052584 6.5162
0.00 26.410 0.033632 6.8047
0.05 26.691 0.035547 6.7603
0.15 0.20 27.955 0.041328 6.6583
0.50 30.315 0.053464 6.4915
0.00 26.105 0.035105 6.7505
0.05 26.127 0.037280 6.6911
0.30 0.20 27.253 0.043552 6.5788
0.50 29.678 0.056422 6.4126
0.00 25.576 0.037987 6.6507
0.05 25.406 0.040707 6.5737
0.45 0.20 26.198 0.048228 6.4326
0.50 28.616 0.062700 6.2616
TABLE I: Numerical estimation for main observables and the strong field limit coefficients for the black hole at the
center of our Galaxy, which is supposed to be described by a rotating squashed KK black hole spacetime. rm =
2.5 logR0
gravitational lensing decrease with the rotation parameter a of the black hole, while the coefficient a¯, the
deflection angle α(θ) and the observable s in strong gravitational lensing increase with the rotation parameter
a. These effects of a on the strong gravitational lensing in the Kerr black hole are similar not only to those of
the rotation parameter b in the rotating squashed KK black hole spacetime, but also to those of the rotation
parameter j of cosmological background in the squashed KK Go¨del case, which can be understandable since
all of a, b and j are the rotation parameters. Therefore, these above features could be looked as the universal
effects of the rotation on the strong gravitational lensing. However, there exist some distinct properties among
the strong gravitational lensings in these three black hole spacetimes. In the rotating squashed KK and the
squashed KK Go¨del black holes, the photon sphere radius, the coefficient a¯, b¯ and the deflection angle α(θ) in
the φ direction are independent of whether the photon goes with or against the rotation of the background.
While in the Kerr black hole, the values of these quantities for the prograde photons are different from those
for the retrograde photons. Comparing with the strong gravitational lensings in the rotating squashed KK
and the squashed KK Go¨del black holes, we find that with increase of ρ0, the coefficient a¯, the deflection
angle α(θ) and the observable s increase and the relative magnitudes rm decreases in these two kinds of black
holes. Moreover, we find also that there also exist some different effects of ρ0 on the marginally stable orbit
radius ρps and the angular position of the relativistic images θ∞. With the increase of ρ0, the quantities ρps
and θ∞ first decreases and then increases in the rotating squashed KK black hole for fixed rotation parameter
b, but in the squashed KK Go¨del black hole they increase for the smaller global rotation parameter j and
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decrease for the larger one. In the extremely squashed case ρ0 = 0, the coefficient a¯ in the squashed KK Go¨del
black hole is a constant 1 and is independent of the global rotation of the Go¨del Universe and in the rotating
squashed KK black hole it increases monotonously with the rotation parameter b. These information could
help us to understand further the effects of the rotation parameter and the scale of extra dimension on the
strong gravitational lensing in the black hole spacetimes.
V. SUMMARY
We have investigated the strong gravitational lensing in the rotating squashed KK black hole and find that
the rotation parameter of black hole and the scale of extra dimension imprint in the radius of the marginally
circular photon orbit, the deflection angle, the coefficients a¯, b¯ and the observational variables in strong field
lensing. The marginally circular photon radius ρps, the angular position of the relativistic images θ∞ and the
relative magnitudes rm in strong gravitational lensing decrease with the rotation parameter b of the black hole,
while the coefficient a¯, the deflection angle α(θ) and the observable s in strong gravitational lensing increase
with the rotation parameter b. With the increase of the extra dimension scale ρ0, the coefficient a¯, the deflection
angle α(θ) and the observable s increase, while the relative magnitudes rm decreases monotonously and ρps
first decreases and then increases in the rotating squashed KK black hole spacetime. Moreover, we find that
in the rotating squashed KK black hole spacetime the marginally circular photon radius ρps, the coefficient a¯,
b¯, the deflection angle α(θ) in the φ direction and the corresponding observational variables are independent
of whether the photon goes with or against the rotation of the background, which is different with those of
in the usual four-dimensional Kerr black hole spacetime. Comparing with the strong gravitational lensings
the squashed KK Go¨del black holes, we find that there exist some different effects of ρ0 on the marginally
circular photon radius ρps and the angular position of the relativistic images θ∞. With the increase of ρ0,
the quantities ρps and θ∞ first decreases and then increases in the rotating squashed KK black hole for fixed
rotation parameter b, but in the squashed KK Go¨del black hole they increase for the smaller global rotation
parameter j and decrease for the larger one. In the extremely squashed case ρ0 = 0, the coefficient a¯ in the
squashed KK Go¨del black hole is a constant 1 and is independent of the global rotation of the Go¨del Universe,
but it increases monotonously with the rotation parameter b in the rotating squashed KK black hole.
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